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Abstract
We consider a model for deformations of a homogeneous isotropic body, whose shear modulus remains constant,
but its bulk modulus can be a highly nonlinear function. We show that for a general class of such models, in an
arbitrary space dimension, the respective PDE problem has a unique solution. Moreover, this solution enjoys
interior smoothness. This is the first regularity result for elasticity problems that covers the most natural space
dimension 3 and that captures behaviour of many typical elastic materials (considered in the small deformations)
like rubber, polymer gels or concrete.
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1. Introduction
This note provides existence and, more importantly, interior smoothness of solutions to a PDE system
describing a static problem in a linearized yet nonlinear elasticity theory in an arbitrary space dimension. Let
us begin with the model description. We consider an isotropic homogeneous elastic body occupying in a reference
configuration a Lipschitz domain Ω ⊂ Rd. The body is affected by external forces of density f : Ω → Rd and
surface forces g : ΓN → Rd, where ΓN ⊂ ∂Ω. In addition, another ΓD part of the boundary ∂Ω is deformed by
a displacement u0 : ΓD → Rd. ΓN and ΓD are disjoint open subsets of ∂Ω, whose union has the same (d − 1)
Hausdorff measure as ∂Ω. Then, the described deformation must satisfy the following balance of forces
−divσ = f (= −divF) in Ω,
σn = g (= Fn) on ΓN ,
u = u0 on ΓD.
(1)
Here, σ : Ω→ Rd×dsym is the Cauchy stress tensor and u : Ω→ R
d is the sought displacement field; n is the outer
normal unit vector. (For clarity, let us denote tensors by bold letters, vectors by regular letters and scalars
by regular Greek letters. Accordingly, we disambiguate operators acting on tensors in bold and those acting
on vectors in non-bold.) Already at this point, we assume that the external body and surface forces can be
expressed by a given tensor F : Ω→ Rd×dsym. Naturally, if the problem is solvable, then any couple (f, g) can be
described (non-uniquely) by a tensor F. Additionally, in the case of the pure Neumann problem ΓN = ∂Ω, we
avoid thereby using the necessary compatibility condition
∫
∂Ω
g +
∫
Ω
f = 0, since it is already encoded into the
existence of F.
In order to complete the problem (1), it remains to prescribe the constitutive relations for the Cauchy stress
σ. The first classical law of linearized elasticity for isotropic homogeneous material is the generalized Hooke
law, which has the form
σ = 2µDu+ λdivu I = 2µDdu+ (2µ/d+ λ) div u I, (2)
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where the constants µ and λ are the so-called Lamé coefficients, the shear and the bulk modulus, respectively.
Here, we denoted by Du the linearized strain tensor and by Ddu its deviatoric part, i.e.,
Du :=
1
2
(∇u+ (∇u)T ), Ddu := Du−
div u
d
I.
Notice, that such a setting corresponds to a stored energy of the form
W (u) := µ|Ddu|2 + λ˜| div u|2,
where λ˜ := 2µ+dλ2d . Consequently, natural constraints on the coefficients are µ > 0 and 2µ+ dλ > 0. Further-
more, the problem (1) can be now equivalently restated as
min
u:u=u0 on ΓD
∫
Ω
W (u)− F ·Du dx. (3)
For suitably chosen data one can always find a unique weak solution u. In addition, due to linearity of the
problem, it is then standard to show higher regularity properties of u that are restricted only by smoothness of
F, u0 and ∂Ω.
However, it is experimentally established that the Hooke law (2) is not valid anymore for a body undergoing
a large loading. Recently, many phenomenological laws allowing for more involved constitutive relations between
the Cauchy stress and the linearized strain tensor were investigated. Although they are far from being linear,
they can be theoretically justified even within the theory of small deformations (i.e., the ‘linearized’ theory),
see [10]. For an isotropic material, the most general constitutive law falling into the framework of the theory
developed in [10] reads
σ = α1I + α2Du+ α3DuDu, (4)
where αi may depend on all invariants of Du. Decomposing further the dependence on the symmetric displace-
ment gradient into its deviatoric and the trace part as well as requiring further that the material is hyperelastic,
i.e., that there exists a potential - the generalized stored energy W , one arrives at the relation
σ = 2µ(|Ddu|)Ddu+ λ˜(div u) div uI, (5)
where now µ and λ˜ are nonnegative scalar functions. The corresponding stored energy is then of the form
W (u) := ψ(|Ddu|) + ϕ(div u), ψ(s) :=
∫ s
0
2µ(t)t dt, ϕ(s) :=
∫ s
0
λ˜(t)t dt. (6)
Both functions ψ and ϕ are assumed to be nonnegative, convex and vanishing at zero. With this notation,
solvability of (1) supplemented with the constitutive relation (5) is still equivalent to minimization of (3) with
the stored energy (6). Hence the solvability (in the weak sense) directly follows from the assumed convexity of
ψ and ϕ, provided reasonable growth and coercivity conditions forW are assumed. Furthermore, an application
of the standard difference quotient method enables to show certain regularity properties of the (unique) solution
(at most the interior W 2,2 regularity for strongly coercive potentials). However, any more complex regularity
theory, e.g. the C-, C1- or C∞-everywhere regularity is missing in general. The positive results in this direction
for a rather general class of W ’s in (6) are known only either in the two dimensional setting or for general
dimensional case if µ and λ are ‘almost’ constant functions, compare [4] or [7] for incompressible fluids.
In this short paper, we provide further regularity (smoothness) properties of a weak solution to (1), (5) in
a general multidimensional setting, that go much beyond the classical results. Indeed, we are able to cover
certain highly nonlinear dependences of the Cauchy stress on the small strain tensor. It is worth noticing that
the investigated problem falls into the class of ‘generalized’ elliptic1 problems, where one cannot expect the full
1We are using the word ‘generalized’ here, because the potential W depends only the symmetric gradient.
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regularity of a solution, see the counterexamples in [9, 12]. The only known structural assumption allowing for
the full regularity reads
W (u) ∼ W˜ (|∇u|),
due to the classical result by Uhlenbeck [11]. However, for a nonlinear stored energy of the form (6), such a result
is currently not available, due to ‘non-diagonality’ of the corresponding elliptic operator and nonexistence of a
proper substitute to the Uhlenbeck’s method. Nevertheless, we show that for a certain class of models within
(6) one can overcome these difficulties and improve the smoothness of the solution significantly. Namely, our
main result can be summarised as follows (for the fully rigorous formulation we refer the reader to Theorem 2)
Theorem 1. Let u0,F be smooth and µ be a constant. In (6), let ψ(s) := µs
2 and ϕ be a smooth convex
function, having at most the polynomial growth. Then there exists a unique weak solution u to the problem (1)
belonging to C∞loc(Ω).
Let us emphasize here, that this is the first regularity result for nonlinear systems od PDEs’ arising in the
linearized elasticity theory, with no data-smallness or low-dimensionality restrictions. Despite being clearly far
from covering the most natural case of (6) (namely, both ψ and ϕ being reasonably nonlinear), our result can be
seen as the first step forward in the regularity theory for such problem. Beyond its theoretical novelty, it is viable
applicatively: it covers real-world materials whose shear modulus remains constant, but the bulk modulus may
change drastically with respect to the volume changes. Their examples are rubber, certain polymers, concrete
etc., see e.g. [5, 6, 8] and the references therein.
2. Notation and definitions
Firstly, let us introduce function spaces relevant to the stored energy (6) with a constant µ. Since we want
to keep the allowed bulk modulus nonlinearity (ϕ) possibly general, we resort to Orlicz growths in our analysis.
Nevertheless, let us accentuate at the very beginning that our results are new even for power–law growths. Let
us briefly recall the Orlicz framework. Since we intend to keep this part as concise as possible, we refer the
interested reader e.g. to [1, Appendix] for more details. We shall start with the notion of the N function.
Definition 1 (N -function). A real function ϕ : R → R+ is an N -function iff it is even and there exists
ϕ′ : R+ → R+
(N1) that is right-continuous, non-decreasing,
(N2) that satisfies ϕ′(0) = 0, ϕ′(t) > 0 for t > 0 and ϕ′(+∞−) = +∞,
such that for all t > 0 it holds
ϕ(t) =
∫ t
0
ϕ′(s) ds.
Notice here, that it follows from (N1) that ϕ is convex. Thus, we can also introduce its convex conjugate
ϕ∗ by the formula ϕ∗(s) := supt(st− ϕ(t)). Next, let us define the Orlicz class L
ϕ(Ω) as
Lϕ(Ω) :=
{
u ∈ L1(Ω) :
∫
Ω
ϕ(u) dx <∞
}
.
It becomes the Banach space for ϕ satisfying the so–called ∆2 condition
2, i.e.,
ϕ(2t) ≤ C(ϕ(t) + 1), for some C > 0 and all t ∈ R. (7)
2For ϕ not satisfying ∆2 condition, the relevant function space related to the corresponding Orlicz class is then defined as a
union of such functions u for which there exists λ > 0 such that λu ∈ Lϕ(Ω).
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The importance of the ∆2 condition appears also in the regularity theory, since it directly implies
3
ϕ(t) ≤ tϕ′(t) ≤ C(ϕ(t) + 1). (8)
Let us provide most typical growths that stay within our Orlicz structure and satisfy ∆2 condition. Let κ ≥ 0,
p > 1. The classical power-law growths
ϕ1(t) =
∫ t
0
(κ+ sp−2) s ds, ϕ2(t) =
∫ t
0
(κ+ s2)
p−2
2 s ds
are naturally allowed.
An example of an admissible N -function related to a non-polynomial growth reads
ϕ3(t) =
∫ t
0
(κ+ s2)
p−2
2 s lnβ(e+ s)ds, β > 0.
In what follows we will use standard notions of Lebesgue and Sobolev spaces Lp, W k,p respectively, where
the subscript ΓD will indicate that the considered functions vanish on ΓD (the Dirichlet part of the boundary).
Next, let us introduce generalized Sobolev–Orlicz classes of vector–valued functions compatible with our problem
setting. Here, u0 : Ω→ Rd is a given measurable function.
WDΓD :=
{
u ∈W 1,1ΓD (Ω;R
d) : Ddu ∈ L2(Ω;Rd×d), div u ∈ Lϕ(Ω)
}
,
WDu0 :=
{
u ∈W 1,1ΓD (Ω;R
d) : u = u0 on ΓD, D
du ∈ L2(Ω;Rd×d), div u ∈ Lϕ(Ω)
}
.
Please notice that if ϕ satisfies the ∆2 condition, Ω is Lipschitz and u0 has sufficiently highly integrable first
order derivatives, then the notion u ∈ WDu0 is equivalent to (u − u0) ∈ WDΓD . Furthermore, in the case of
ΓD = ∅, we shall consider all functions belonging to WDΓD and WDu0 up to a rigid body motions, i.e., modulo
all linear functions fulfilling Du ≡ 0, in order to guarantee uniqueness of the desired displacement.
We shall frequently use a generic constant C > 0 that depends only on the data of our problem. It may
generally vary line to line. If we need to trace any data dependences more precisely, it will be clearly indicated
in the text.
To conclude this section, let us introduce a notion of a weak solution. Below, we use the decomposition of
(symmetric) F into the deviatoric and the traceless part, i.e., F = Fd + d−1 trF I.
Definition 2. Assume that Ω ⊂ Rd is a Lipschitz domain and u0 ∈ W 1,2(Ω,Rd) is such that div u0 ∈ Lϕ.
Further, let F be such that Fd ∈ L2(Ω;Rd×dsym) and trF ∈ L
ϕ∗(Ω). Let ϕ be an N function that satisfies (7) and
µ be a positive constant. We say that u ∈ WDu0 is a weak solution to (1) with the constitutive law (5)–(6) iff
for all v ∈WDΓD there holds ∫
Ω
2µDdu ·Dv + ϕ′(div u) div v =
∫
Ω
F ·Dv. (9)
The Neumann part (formally) cancels out thanks to our ‘compatibility condition’, i.e. the use of F in (1).
Observe that our weak formulation is meaningful. Indeed, the critical term can be estimated thanks to (N1)
and (8) as follows
|ϕ′(div u) div v| ≤ |ϕ′(div v) div v|+ |ϕ′(div u) div u| ≤ C(1 + ϕ(div u) + ϕ(div v)) ∈ L1(Ω).
3Indeed, for t ≥ 0 we can use the fact that ϕ′ is nondecreasing and nonnegative to observe that
ϕ(t) =
∫
t
0
ϕ′(τ) ≤ tϕ′(t) ≤
∫
2t
t
ϕ′(τ) ≤ ϕ(2t)
(7)
≤ C(ϕ(t) + 1).
For more details about the ∆2 condition and the above so–called good ϕ′ property see also [1, Appendix], [2] or [3].
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3. Result
Theorem 2. Let all assumptions of Definition 2 be satisfied. Then, there exists a weak solution to (1) such
that
‖Ddu‖2L2(Ω) +
∫
Ω
ϕ(div u) ≤ C(µ, d)
(
‖Fd‖2L2(Ω) + ‖D
du0‖
2
L2(Ω) +
∫
Ω
ϕ∗(trF) + ϕ(div u0)
)
=: A, (10)
This weak solution is unique, provided that ϕ is strictly convex. More surprisingly, it enjoys the following
smoothness properties in any compact set K ⊂ Ω:
∥∥∥∥ ∂ui∂xj −
∂uj
∂xi
∥∥∥∥
Wk,p(K)
+
∥∥∥∥2µ(d− 1)d div u+ ϕ′(div u)
∥∥∥∥
Wk,p(K)
≤ C(K,Ω, A, k, p)(‖F‖Wk,p(Ω) + 1), (11)
‖∇u‖Wk,p(K) ≤ C(K,Ω, A, k, p, ‖ϕ‖Ck+2 , ‖F‖Wk,p(Ω)), (12)
where (11) is valid for all k ∈ N0 and all p ∈ (1,∞), whereas (12) holds both for k = 0, 1 with all p ∈ (1,∞)
and for arbitrary k ∈ N with any p ∈ (d/2,∞).
4. Proof of Theorem 2
Weak existence & uniqueness. We use the direct methods of the calculus of variations to obtain the existence.
Indeed, let us mimic the problem (3) and can seek for a minimizer u ∈WDu0 fulfilling for all v ∈WDu0∫
Ω
µ|Ddu|2 + ϕ(div u)− F ·Du ≤
∫
Ω
µ|Ddv|2 + ϕ(div v)− F ·Dv. (13)
The functional is definitely coercive and due to convexity of ϕ and its superlinearity at infinity, we can find a
minimizer fulfilling (13). In addition, the uniform estimate (10) easily follows. Furthermore, since ϕ satisfies
the ∆2 condition, and consequently v := u + w with an arbitrary w ∈ WDΓ0 is an admissible competitor in
(13), we can easily derive the Euler–Lagrange equations for (13), which is nothing else than the identity (9).
The uniqueness then follows from the strict convexity of ϕ.
We are now approaching the crucial part, namely our proof of the interior smoothness. Before passing to
details, let us observe that the main idea behind this proof is the following observation: Since
divdivDdf =
d− 1
d
∆div f,
then div (1) produces a scalar, well-manageable equation for div u.
Estimate (11). We start with deriving an elliptic equation for div u. Let v ∈ C20(Ω) be arbitrary. Setting
v := ∇v in (9) we observe that ∫
Ω
2µDdu · ∇2v + ϕ′(div u)∆v =
∫
Ω
F · ∇2v. (14)
Next, let G be the Green function to the Laplace equation in Rd and let us define (in the sense of distribution)
g := G ∗ divdivF,
where we extend F ≡ 0 outside Ω. Notice that such a g solves the problem∫
Ω
g∆v =
∫
Ω
F · ∇2v for all v ∈ C∞0 (Ω). (15)
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In addition for any compact K ⊂ Ω, all k ∈ N and all p ∈ (1,∞), we have the estimate
‖g‖Wk,p(K) ≤ C(K, k, p)‖F‖Wk,p(Ω). (16)
Finally, using integration by parts, it is not difficult to deduce that∫
Ω
D
du · ∇2v =
∫
Ω
D
du · (∇2v − d−1∆v I) =
∫
Ω
∇u · (∇2v − d−1∆v I) =
d− 1
d
∫
Ω
div u∆v.
Consequently, using also (14) and (15), we obtain∫
Ω
(
2µ(d− 1)
d
div u+ ϕ′(div u)− g
)
∆v = 0,
which means that 2µ(d−1)
d
div u + ϕ′(div u) − g is harmonic in Ω. Therefore, for any compact K ⊂ Ω we have
that ∥∥∥∥2µ(d− 1)d div u+ ϕ′(div u)− g
∥∥∥∥
Wk,p(K)
≤ C(K)
∥∥∥∥2µ(d− 1)d div u+ ϕ′(div u)− g
∥∥∥∥
L1(Ω)
≤ C(A,K),
where A is defined in (10). Thus, using also (16), we finally deduce that∥∥∥∥2µ(d− 1)d div u+ ϕ′(div u)
∥∥∥∥
Wk,p(K)
≤ C(K,A, p, k)(‖F‖Wk,p(Ω) + ‖ div u‖Lϕ(Ω)). (17)
Hence the second part of the estimate (11) follows from estimating the right hand side of (17) with the help of
(10).
Similarly, using (9), we deduce that in the distributional sense
− µ∆u+ µ∇ div u−∇
(
2µ(d− 1)
d
div u+ ϕ′(div u)
)
= −divF. (18)
Consequently, taking distributionally aa i, j component of ∇∧ in (18) yields for any i, j = 1, . . . , d
µ∆
(
∂ui
∂xj
−
∂uj
∂xi
)
=
d∑
k=1
∂
∂xk
(
∂Fik
∂xj
−
∂Fjk
∂xi
)
. (19)
Thus, since we already know that ∇u ∈ L1, we can use the singular integral theory to conclude that for all
i, j = 1, . . . , d, all k ∈ N, all p ∈ (1,∞) and all compact set K ⊂ Ω∥∥∥∥ ∂ui∂xj −
∂uj
∂xi
∥∥∥∥
Wk,p(K)
≤ C(µ, k, p,K)(‖∇u‖L1(Ω) + ‖F‖Wk,p(Ω)) (20)
and (11) follows from (20) and (10).
Estimate (12). Going back to (18) and using the theory for the Laplace equation, we directly deduce the
estimate
‖u‖Wk+1,p(K′) ≤ C(k, p,K,K
′)
(
‖u‖L2(Ω) + ‖F‖Wk,p(Ω) + ‖ div u‖Wk,p(K) +
∥∥∥∥2µ(d− 1)d div u+ ϕ′(div u)
∥∥∥∥
Wk,p(K)
)
(21)
for arbitrary compact sets K ′, K such that there is an open set Ω′ fulfilling K ′ ⊂ Ω′ ⊂ K ⊂ Ω, arbitrary k ∈ N0
and arbitrary p ∈ (1,∞). Therefore due to the already obtained estimate (17), we see that it is enough to get
the bound on div u which will be however read again from (17).
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We start with the case k = 0. Since ϕ′(s)s ≥ 0 (which follows from the fact that ϕ is even), hence
|s| ≤ |ϕ′(s) + s| and one has
‖ div u‖p ≤ C(d, µ)
∥∥∥∥2µ(d− 1)d div u+ ϕ′(div u)
∥∥∥∥
p
.
Consequently, it follows from (21) and (17) that
‖u‖W 1,p(K′) ≤ C(k, p,K,K
′)
(
‖u‖L2(Ω) + ‖F‖Lp(Ω)
)
(22)
and (12) holds for k = 0 and p ∈ (1,∞). Secondly, take k = 1. Since ϕ′ is nondecreasing (and Lipschitz, recall
(12) for k = 1), it is easy to observe that
‖ div u‖1,p ≤ C(d, µ)
∥∥∥∥2µ(d− 1)d div u+ ϕ′(div u)
∥∥∥∥
1,p
for all p ∈ (1,∞). Consequently, we again get that (now we set k = 1 in (21))
‖u‖W 2,p(K′) ≤ C(k, p,K,K
′)
(
‖u‖L2(Ω) + ‖F‖W 1,p(Ω)
)
(23)
and (12) for k = 1 again follows. Finally, for the remaining range of k’s we shall restrict ourselves to the case
p > d/2. From (17) one obtains∥∥∥∥
(
2µ(d− 1)
d
+ ϕ′′(div u)
)
∇ div u
∥∥∥∥
Wk,p(K′)
≤ C(K ′)(‖F‖Wk+1,p(Ω) + ‖ div u‖Lϕ(Ω)). (24)
From (23) and using p > d/2
‖ div u‖L∞(K′) ≤ C(d, p,K
′,Ω)
(
‖u‖L2(Ω) + ‖F‖W 1,d+δ(Ω)
)
≤ C(d, p,K ′,Ω)
(
‖u‖L2(Ω) + ‖F‖Wk+1,p(Ω)
)
, (25)
therefore arguments of ϕ′′ and its derivatives will remain bounded. Let us now show inductively that for p > d/2
there holds
‖∇ div u‖Wk,p(K′) ≤ C(K
′,Ω, d, p, ‖ϕ‖Ck+2, k, A)(1 + ‖F‖Wk+1,p(Ω))
3k . (26)
This relation is valid for k = 0 thanks to (24) and (10). Assuming now that (26) holds for k − 1, we shall show
that it also holds for k. One has
‖∇ div u‖Wk,p(K′) =
∥∥∇k∇ div u∥∥
Lp(K′)
+ ‖∇ div u‖Wk−1,p(K′) := I + II. (27)
Furthermore
I ≤
d
2µ(d− 1)
∥∥∥∥
(
2µ(d− 1)
d
+ ϕ′′(div u)
)
∇k (∇ div u)
∥∥∥∥
Lp(K′)
≤ C(µ, d)
∥∥∥∥∇k
((
2µ(d− 1)
d
+ ϕ′′(div u)
)
∇ div u
)∥∥∥∥
Lp(K′)
+
k∑
i=1
C
∥∥∇i(ϕ′′(div u))∇k−i∇ div u∥∥
Lp(K′)
≤ C(µ, d)
∥∥∥∥∇k
((
2µ(d− 1)
d
+ ϕ′′(div u)
)
∇ div u
)∥∥∥∥
Lp(K′)
+ C‖ϕ‖Ck+2‖ div u‖L∞(K′)‖ div u‖
2
Wk,2p(K′).
(28)
The last term of (28), via the inductive assumption (26) for k − 1, (25) and next by W k+1,p →֒ W k,2p for
p > d/2 can be estimated with
C
(
‖u‖L2(Ω) + ‖F‖Wk+1,p(Ω)
)
(‖F‖Wk,2p(Ω) + ‖ div u‖Lϕ(Ω))
2·3k−1 ≤ C(1 + ‖F‖Wk+1,p(Ω))
3k ,
where we have used (10) and C = C(K ′,Ω, d, p, ‖ϕ‖Ck+2, k, A). Since the last but one of (28) is controlled by
(24), it holds
I ≤ C(1 + ‖F‖Wk+1,p(Ω))
3k ,
Since the lower-order term II is estimated by the inductive assumption (26) for k−1, we have arrived at validity
of (26) for k. Estimate (12) is hence proven.
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